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0. Introduction

In the follow1ng ten sections we have tried to give a rather
" complete and sufflolently detailed treatment of the main notions
and cancepts: of functional analy31s which arec 1nolspensable for a
olear understanding of the theory of generalized functions or dis-
trlbutlons The material is mainly derived from the first chapter
of Gel'fand and Shilov, Generalized functions ITI (Moscow 1958, in
Russian), The material of the first few introductory sections is
derived from Kolmogorov and Fomin, Elements of the theory of functions
and functional analysis (Roch.1957) and Ljusternik and Sobolew,
Elemente der Funktionalanalysis (Berlin 19555 in German).
At a few places we have also consulted A.E, Taylor Introduction
to Functional analysis (New York 1957) and the encyclopaedic work
of Dunford and Schwartz, Linear operators, vol.I (New York 1958) .
‘The following treatment is written for the general reader., This
means that he needs no previous knowledge of topology or functional
analysis, nor need he consult the textbooks on the subject. However,
those who are not very famlllar with the language of functional
analysis are strongly advised to read the little book of Kolmogorov
and Fomih which is a very clearly written introduction to the sub-

ject. « S
The topological treatment of’generalized functions was originally
given by L, Schwartz in a very elaborate fashion in his two books on
distributions. However, they make hard reading for the uninitiated’
who is not a "Bourbakist". On the other hand, the approach of Gel'fand
and Shilov has made it possible to prescnt the following self-con-
“tained treatment which may be followed without being involved in too
many topological details, The main cmphasis. is on the concept of a
sequentially normed spaoe‘which is somewhere between the too general
linear topological space and the too special linear normed space, *

A very important special type of sequentially normed space is
obtained by taking the collection of all real functions v(x) of a
real variable -00 < x < @ which are infinitely differentiable and
which vanish outside the fixed 1nterval (-a a) This space will be
indicated by K(a ) In K(a) a sequence of norms is introduced by
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{{cp(x)ﬂ1 = max | o(x)]| , le(x)], = max {}@(x)’, I?'(X>}}5"°9
FoGelly, = max { 1ol L o1 e)ls e, ™Dl

Next a suitable topology is introduced which implies that conver-
gence to zero of a sequence ?.(x) (n=1,2,...) means that uniformly
in (-a,a)

@n(x)~—%oj wg(x)~eu0,...3 @gm)(x)«ﬁ-oﬁ..,

In this way K(a) becomes a speciaW type of linear topological space
whlch does not have ‘the topology of a Banach space but which has
) many properties in common with the latter type of Space,

Generalized functions or distributi Lons of a single rcal variable
may be deflned as continuous linear fu00ulonals (r, @) on the space
K which is the union of all spaces (a) (a—o ). Many properties of
generallzeo functions are reflections of the topological structure
of the Sequentially normed spaces K(a),

Since there is g great variety of spaces like K(a) and X on
whlch generalized functions can be defined, an abstract approach by
means of functional analysis is of paramount importance. It can be
salo that the concept of sequentially normed Spaces and their unions
covers all important cases,

The set-up of the treatment given here is as follows,

Sections 1 and 2 are introductory. In section 1 the definition of g
linear space is given. In section 2 we consider a topological Space
with a éuitable Separation axiom. Section 3 on linear topological
spaces comblnes the results of the preceding two sections. This
sectlon is of furndamental importance for the remainder, We note the
definitions of boundedness, of a conti Lnuous linear operator and 3
continuous linear functional. It is shown that in the space of all
continuous linear functionals g strong tonology and a weak Topology
can be introduced. In section b we consider a metric space and in
particular s linear metric Space, which is a special kind of to-
pological space, The most important theorems here are those of Baire
(theorem 4.1) and of Banach (theorem 4.6), Further in viecu of later
applications in section 9,someth1ng is said about compactness and 3
proof of the well-known theorem of Arzeld-Ascoli is given (theorem
H.4). In section 5 we consider the more familiar normed spaces. Some
properties are derived from those of a linear topological space and
a linear metric Space by making suitable Speclalizations, It is shown
that to each continuous linear operator and in particular to each




continuous linear functional we may associate a norm in which the
strong topology finds a simple expression. In this section we meet
ﬁhe.sp-called'prihciple of uniform boundedness which is:of funda-
mental. importance:, The main theorem is that of Banach and Steinhaus
(theqrem 5.3). We note that this principle rests upon Baire's theorem
. Oof the preceding section. As another important principle we mention
_ﬁhe_theprem of Hahn-Banach (theorem 5.6) on the continuation of a
»’QOntiﬁuous linear functionali In view of later applications a proof
vié giVen:of the representation theorem of Riesz (theorem 5.10) on a
cdnfinuous linear functional on the space C(0,1) of all continuous
functions @(x), 0O¢x ¢1. In section § the definition of a sequential-
1y normed space is given and it is shown that a s.n.s. may be con-
sidered as a linear metric Space with an equivalent topology. This
fact makes it possible to apply e.g. Baire's theorem which leads to
the useful lemma of theorenm 6.2. Further a proof 1is given of the
theoretically important fact that the topology of a s.n.s. is es-
sentially different from that of a normed space. The sSubject is con-
tinued in section 7 where in particular the properties of continuous
linear functionals on a S.n.5. are studied. Many properties are
eilther specializations of more. general properties for a linear
topological space or generalizations of more Special properties for
a normed space. The principle of uniform boundedness appears here

in the theorems 7.2, 7.4 and 7.7. We note in particular that in the
conjugate space of a s.n.s. the notions weakly bounded ang strongly
bounded are equivalent. We mention also the important fact (theorem
7.5) that the conjugate space is complete with respect to weak con-
vergence, In this section it is shown by means of Riesgzg! represen-
fation theorem that an explicit form can be obtained f'or continuous
linear functionals on the space K(a). In section 8 something is said
about linear operators mapping a s.n.s. ¥ into a similar one X?
Also for continuous linear operators a convergence in the weak sense
can be introduced., It is shown that the space of continuous linear
operators T(X-§Xﬁ) 1s complete with respect to weak convergence
(theorem 8.4)., In section 9 we discuss perfcct spaces, which are
sequentially normed Spaces with compact bounded Subsets. Perfect
spaces enjoy a number of nice properties. Theorem 9.2 says that in
the conjugate of a perfect space weak and strong convergence are
equivalent. Further a perfect space is separable (theorem 9.5). In
the conjugate of a perfect space bounded sets are compact asg in the

original srace ‘Hhacoen 9. %), U5 is shown that in particular X(a) is a




peffect‘space The last section does not contain essentially new
features. A Oeflnlthh is given of the union X( ) of a sequen0° of
séquéntially normed spaces X( ). The properties of the union are
alwayS reduced to those of its constituting members. In the union
vX(@'_no spe01al topology. is introduced but we restrict ourselves to
the 1ntroductlon of a weak convergence, As an obvious generallzatlon
of a former result it is shown that the conjugate K< )! is complete
with respect to this (weak) convergence., This section closes with a

few remarks on_llnear operators,
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1. Linear spaces

A set X of elements X3Y5Z5... 18 said to be a linear Space if

the following conditions are satisfied:

I. X 1s an additive Abelian group.

This means that for any two elements x,y € X there is uniquely defined
a third element zZ€X, called their sum and written as z=x+y. The ad-
dition is commutative and associative, there is a zero element.olq)
and each element x has an inverse -x, Formally we have the following

group of axioms:

T 1° X+Yy=y+X for each x and vy,
I 2° x+(y+z)=(x+y)+z for each X,y and z.
I 30 X+0=x - for each x.
For each x there is a -x such that
I4° x+(-x)=0.
These axioms imply that the zero element is unigue, Further for each
element the inverse is uniquely determined.
IT. For each element x e X and each real number @ there is uniquely

defined a second element of X, called the scalar product and written
as «Xx,., IFor the scalar multiplication there are two axioms

II 1° o (p x) (o p)x.
11 2° 1.x = x,

I

ITI. Addition and scalarp multiplication are distributive with respect

to each other,

1T 1° X (X+y) = ax+ ay.
11T 2° (x +p8)x=ax+ @ x,

From these axioms the Tollowing rules can easily be derived,

(1.1) (-1)s x = -x,

(1.2) ® - 0=0

(1.3) O . x =0

(1.4) & X =0 implies o&=0 or x=

The set of all vectors (or points) in Euclidean 3-space forms a special
case of a linear space. An abstract linear Space embodies so many
features of this rarticular case that words like vector have been taken
over into a more general context. Thus a linear Space is often called

a vector space and the elements are called vectors,

= o een e s Gne ewt md o e 5 e o

1) The fact that the zero elcment of % and the real number zero are indi-
cated by the same symbol should not cause confusion.
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In the foregoing iﬁ Was assumed that the scalars o, B,... Were
real numbers. To emphasize this'the_space is sometimes called a real
linear space. With the same Set of axioms it is possible to define a
somewhat more general type of linear space for scalars belonging to
Some commutative field. However, we confine ourselves %o the two
fields of real and complex numbevs, respectively,

A subset M of X is called a linear manifold if with x and y any
linear combination ch+/3y'bélohgs to M. It will be seen at once that

a. linear manifold is itself a linear Space., Therefore it may be called
a subspace, 7

A finite set of vectors xq,xg,..g,xm is said to be linearly
dependent *f there exists a set of scalars aqﬁ ag,,..ﬁ o, not all
zero, such that

(1.5) O XgEgR R RSk ke x =0,

If the vectors xq,xg,...,xm are not linearly dependent the relation
(1.5) would imply &= m2=...=<gm;o, In that case the vectors are
said to be linearly independent. 'An infinite set of vectors is called
linearly independent if every finite subset is linearly independent.
If X contains n linearly independent vectors but if every set of
n+1 vectors is linearly dependent the space X 1s said to be finite
dimensional with the dimension n. Otherwise the space is said to be
infinite dimensional. As we shall see the Spaces of greatest interest

for us are infinite dimensional. If L has a finite dimensional sub-

space M with the dimension n any set of n linearly independent vectors
)c,l,,}cg,,.,.pc_n is said to be a base of M. Any element xe M can be ex-

pressed as a linear combination
(1.6) X = ;1x4+ fo¥ote. ot § x .

A linear operator is. defined as = transformation T which trans-

forms the elements x,y,... of a linear space X into elements Tx,Ty,...

of a linear space X1 and for which

T(ax+py) = «Tx +8 Ty.

The points x e X, upon which the operator can be applied, constitube
the domain of T. The points xqe Xq which are obtained as xqux con-
stitute the range of T. Hence the domain is all of X and the range

is a part or all of X.. Obviously the range of T is a subspace of Yq.

g
If Tx=Ty implies x=y the operator defines a ocne-to-one mapping between

two linear spaces so that T has an inverse T_q, Obviously T—1 is also




linear, It follows easily from the linearity of T that an inverse
Of T exists if ang only if Tx=0 implies x=0,
For linear operators T(X-4>X1) an addition and g scalar multi-

‘bPlication can pe defined by
'(i1+12)x = T1X+T2X5
(¢ T)x = & (7x),

If we define the zero operator as the tranéformation which maps all
elements of X into the zero of X, it is €asily seen that the set of
all linear operators T(X->X4) is 1tself a linear space, o

We shall now introduce g3 number of definitions and notations
which will be frequently used in the subsequeht Sections.

If S 1s a subset of the linear Space X then the set of all ele-
ments «x for which X €S is written as &S, In case ( =-1 we write
=S for (-1)S. If R and g are subsets of X then the set of all ele-
ments X+y for which xe¢ R and ye S is written asg R+S. We note that in
general 28/45.S. | R

A subset S of X ig saig to be symmetric if -S=5,

A subset S of X is said to be convex ir U8+(1-a)S=S for 511 o
witthg o s, | |

A subset S of X 4is saig to be balanced ifsxS?:S for alli « with
jet | $1. 4
A subset S of ¥ is said to pe absorbing if fop each element x ¢ ¥
there is a scalarp ® #0 with x ¢ xS, :
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Topological spaces

A set X of eléments X,¥,Z25... 18 sald to be a topological space
there is a family of special subsets called open sets which satis-
the following axioms

The empty set and the whole space are open.
The union of open sets, even uncountably many, is open.
The intersection of a finite number of open sets is open.

> family of open sets is sometimes called a topology for X. Some-
nes we consider several topologies for the seme space X, If we have
p topdlogies vq and To for X and if every member of T is also a
1ber of v2 we say that the tooology Tq is weaker than T, or that
, 18 stronger than T, Thus . the stronger topology has more open

8.,

A set S of a topological space is called closed if its comple-
it S' is open. It follows from the axioms that the empty set and

whole space are also closed. Further, that the intersection of a
lection of closed sets is again closed, and that the uhion of a
1te number of closed sets is again closed.

Any open set which contains a point x is called a neighbourhood
X. A point x is called a limit point or accumulation point of a

S if every neighbourhood of x contains a point of S distinct from
Clearly a closed set may be characterized by the property of con-
ning all its limit points. The closed set which is obtained from
arbitrary set S by addition of all its limit points 1s called the
sure of S and is denoted by 5.

0 L0 ,0 ) A : ! - .
27 3 Wwe odc a Tourth axiom of a special nature
a

To the axioms 1

which is called a separation axion

fach set consisting of a single point is clecsed,

ol
3 axiom can be replaced by other selasad axios which may lead to

>1ogical spaces of a sljghtlyyless general type. Ve shall, however,
enter.into this question. The ceparation axiom stated above has
co

following simple but importany nsequence,

I X, and X, are distinct points there exists a neightrourhood of
thich does not contain X5. In fact, the set which is the complement
he single point X5 is open and contains Xq,
A system B of neighbourhoods U of x is said to be a2 base at x if
neilghbourhood of x contains a member of B,
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Example o
Consider the povnts of a Euclidean plane. A base at the origin (0,0)
may - be formed by ‘the open circles x2+y2< n=e (n=1,2,...).

A uopologlcal spaoe which has a countable base at x is said to
satisfy the first axiom of countaolllty at x. In that case we may

suppose that the nelghoourhoods U (n=1j2,,..) are ordered in such
a way that U D UED Uﬁ ve . Then the base is called a shrinking
base, : ’ '
~ The set S is said to be dense in ¥ 1f its closure is X, If there
exlsts a countable dense set in X the Space X is said to be separable,

Example
X consists of the real points x in (0,1). The rational points form g3
countable set which is dense in k Hence X is separable,

The sequence X (n=1,2g...) is said to converge to the limit x,

lim X, =X,

1f for each neighbourhood U(x) of x there is an index N such that
x,¢U(x) for n >N,

If x is the limit point of the set & and if X has a countable
base at x then it is possible to select a sequence X, of elements of
S for which 1im Xn=%X. The proof is simple, However, the proposition
may be not true if X does not satisfy the fipst countability axiom.

Example

X consistgof all real bounded functions £(x) defined on the interval
(0,1). & neighbourhood of f (x) 1S obtained by taking all £(x) which
for a gﬂven positive ¢ 58t1SfV

ff(x)-fO(X)l < g

at a finite number of points, say x ., X

(G- ERRERET ‘
7e consider the set S of those functions g(x) for which g(x)= 1 with
3 finite number of exceptions where g(x)=0, The function g(x)=0 1is
zlearly a limit point of S. However, it is not possible to select a

sequence g, ¢ S which converges to Q.

The set S is sald to be (soquentlaWIy) compact in X if each ih;
'inite subset of S contains a converging sequence of distinct elements,
e note that in this definition the limit of. the sequence does not
eécessarily belong to S, '
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The concept of an operator and its inverse can be introduced
as in the previous section.
The operator A which transforms the points x of a topological space
X into the points X, of a topological space X, is .said to be con-

1\./}
tinuous if for any neighbourhood U1 of Xq,there is a neighbourhood

U of x the image of which is in U

q-
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3. Linear topological spaces

A seth df‘elements Xs5¥sZ,... 18 saild to be a linear topological

space if the following conditions are fulfilled:

I. X is a linear Space,

II. 'X'is_aAtopological Space, |

ITI. Addition and scalar multiplication are continuous in the
topology of X,

In particular the continuity of the addition

Xy + Y, =z

means that for any neighbourhood W of Z there are neighbourhoods U
of x_ and V of yo such that U+Ve W,
In particular the continuity of the scalar multiplication

A X =
OOyO

means that for any neighbourhood V of Yy there is an ¢ -neighbourhood
of A  and a neighbourhood U of x_ such that for )%—7bl<& AUV,

From the continuity of the addition 1t follows that the topo-
logy in X is completely determined by the neighbourhoods of ZETO.,

In fact, translation of the neighbourhoods U of ZE€ro vy means of
V=x+U determines a system of neighbourhoods V at x which by virtue
of the continuity is equivalent to the original system at X, 1.e, in
every neighbourhood of +the translated system there is a neighbour-
hood of the original system, and vice versa,

Therefore, the topology in a 1.t.s. is completely determined by
a base of zero-neighbourhoods .

From the continuity of the scalar multiplication it follows
without difficulty that if U is open then also A U is open for all
AZ£0, If U *s 1 neighbourhood of gzero =a balanced neighbourhood may be
formed by taking the union of all AU with |algs e for some positive g,

Therefore any base of zero-neighbourhoods can be transformed
into a base of balanced zero-neighbourhoods,

We shall now givé an important example of a l.t.s.

Example

The space K(a) consists of all infinitely differentiable functions

¢ (x) on the interval (-0 ,00) which vanish outside the interval
(—a,a)° The linear relations are the usual ones. The zero-neighbour-
hood U(m,&) is defined as the sct of those ¢(x) for which
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1) cmax |(x)|l<e , max |@'(x)]|<eg ,e..gmax.]@(m)(x))< € ;

e collection of‘Zero~neighbourhoods consiste of all U(m,g) with
0,1,2,... and &>»0, It is easily seen that by this a topology

K(a) is defined. Further it is clear that there is countable base
‘zero (take &=1, %3 i ;...) S50 that the space is separable.

nvergence @n(x)-*¢-@(x) means that each derivative ﬁg)bd(jzo,ﬂ,Ej,“)
nds uniformly to the limit ?(J)(x),

A set S in a 1.t.s. is said to be bounded if it is absorbed by
ch neighbourhood U of zero, i.e. if for each neighbourhood U of
ro there is a positive real a for which S e U,

The set consisting of a single point x is bounded since =xx s O
r A —0,

If the sets S,l and 82 are bounded then the same is true for
2ir union and their arithmetical sum. If in particular S2 congists
a single point it follows that translation does not destroy the
perty of boundedness.,

A sequence of elements X which'éonvefges‘to a limit x forms a
mded set. In order to prove this we may assume x=0, Since any
-gbourhood of zero contains a balanced neighbourhood it is suffi-
:nt to prove the absorbing property for an arbitrary balanced
.ghbourhood U of zero. Since for some N xne.U for n>N the proof
I easily be completed.

The closure of a bounded set is also bounded. The procf de-
ids on the property that any neighbourhood U of zero contains a
ller neighbourhood V such that Ve U, A topological space which
sesses this property 1¢ said to be a regular space. The proof
t any linear topological space is regular depends on the con-
uity of subtraction. In fact if U ig an arbitrary nﬁlghooufhood
zero then the continuity of subtraction secures the existence of

ghbourhoods V,t and V2 for which V. JVEC U. The intersection of V.

1
V2 contains finally a neighbourhood W for which it is easy to
w that T <U, : A
orem 3.1 ., A set S is bounded if and only if for every sequence
S (n=1,2,...) the elements xn/n converge to zero.
of . Elementary. ‘ )

Next we show that in any linear topological space compaccness
1ys implies boundedness.,

orem 3.2. In a linear topological space any compact subset is
1ded.
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Proof, v ‘

We shall show that a contradiction is obtained if ScX is compact
but not bounded, If g is not bounded there exists a sequence
x,e8 (n=1,2,...) and a zero neighbourhood U such that Xn/nng.
Then the seQuence Xn is itself not bounded and has no bounded
subgéquénce. But then the sequence contains no converging subse--

quence'in,écntradiction to the assumption of compactness,

The definition of g continuous linear operator A which trans-
forms a 1.t.s. X into a l.t.s, X,1 is dmplied in the definition of
linearity in section 1 and that of continuity in section 2. Ve re-

peat: .

The operator A is said to be linear and continuous if the
following conditions are satisfied
1° AMx+py)=mAx+ﬁAy.

O,

2 For any neighbourhood V of Ax there is a neighbourhood U of x

the image of which is in VvV,

An operator which transforms any bounded set into g bounded
set 1s said to be bounded, The following two theorems express the
fact that in g Space satisfying the first axiom of vountability
bdunded linear operators and continuous linear operators are iden-
tical,

Theorem 3.3, Each continuous linear operator is bhounded,

Proof,

Let A transform the bounded set S into a set St and 1éﬁ Xé be an
arbitra:y sequence of elements of S'. Then there is g sequence X,
in S such that Axnzxg, Since xn/h —~ 0 and A(xn/n):xg/n also

Xé/ﬂ-ﬁ—o. Therefore S' is bounded. -
I .

Theorem 3,4L If in X the first axiom of countability is satisfied

each bounded linear operator ig continuoug.

Proof . o o

If A is not continuous then there exists a Z2ero neighbourhood V of
X' and a shrinking base U, (n=1,2,...) of ¥ fopr which it is pos-
Sible to find elements xne n'qUn with Axn¢'v. The sequence nxn is
bounded, and even-converges to zero, Hewever, it is easy to see
that the transformed Sequence xr’lznAxn is not bounded.

From these two theorems the following conclusion may be drawn:
Theorem 3.5. If X satisfies the first axiom of countability a

linear operator A is continuous if and only if Xnmﬁ‘o lmplies

Axn-->- 0.
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Application. In the space K(a) the operator of multiplication by x:

A cp(X): X fp(x) = ’L,V(’X.):

is a continucus linear operator. Convergence @n(x)-%0 means that
?éJ)(X)-N#O uniformly in x for j=0,1,2,...

Since i (3), j
nee Vng)(x) - x @éq)(x) + ?éJ—q)(X)

also wyn(x)-—e~o in K(a). Therefore A is continuous.

An operator f which transforms the elements x of a . 1.t.s. X
into (real) numbers is called a (real) functional.
The functional (f,x) is said to be a continuous linear functional

1 (f,ax+py) = «(f,x) + p(L,y).
2°  For any &€ >0 there is a neighbourhood U of zero such that

|(f,x){<e for xeU,

This definition is clearly a specialization of that of a

continuous linear operator.

Example
In the 1.t.s. K(a) a functional is defined by
, a '
.2) (e = [ e™ea ),
-3

where  w(x) is a function of bounded variation and where m is fixed.
The functional is clearly linear. The continuity can be shown as fol-

lows. Take the zero neighbourhood

max { oG], [ ()]s (™)} e o,

then (3.2) gives
[ (£, ¢)] < & var u(x)

from which the continuity follows at once,

A functional which is bounded on any bounded set is said to be
bounded. Also this definition is a specialization of the correspond-
ing one for an operator. Again in a space with the first axiom of -
countability a continuous linear functional is bounded and conversely.
For future reference we merely state the following specializations of
the theorems 3.3, 3.4, and 3.5.

Theorem 3.6, A continuous ‘linear functional is bounded.




Theorem 3.7. In a space with the first axiom of countability s

bounded linear functional is continuous.,
Theorem 3.8, In 23 Sfice with the first axiom of countability a

linear functional (f,x) is continuous if and only if x, =+ 0 implies
- e
(fﬁxn) O" » ‘
For continuous linear functionals fs8,... ona 1.t.s. X addition
and scalar multiplication can be defined hy

(3.3) (xftpe,x) = a(f,x) + g(g,x).

Hence the continuous linear functionals on X form themselves a
linear space X' said to be the conjugate of £ |

A topology in X! can be introduced by defining as neighbourhood
of zero the sets U(a,xq,xz,,oa,xm) consisting of those f for which

(3.4) ](fﬁxq){< e, [(rxy)ee ..., | (£.x )] < ¢,
where xq,xgj,..gxm are an arbitrary finite set of X,

The verification that X' satisfies the axioms of a 1.t.s. is
left to the reader,

The topology introduced in this way is called a weak *opc.ogy. The

topology of the conjugate space does not satisfy the first axioms of
countability except in trivial cases.
Convergence in this type of topology is called weak convergence.,

Convergence of a Sequence fn to a limit f means here that for each‘
element x of X we must have '

(fhﬂx)-ﬂﬁ~(f,X).

The weak topology in X' further allows the introduction of
notions as weakly bounded etc ' '

A, A sequence fn is called a weakly fundamental sequence 1if for each
weak neighbourhood U of X! there exists a number N such that
fm_fn belongs to U for each m and nz N. The conjugate space X‘ is
called weakly complete if every weakly fundamental sSequence has a

limit in X',

A different type of topology in X' can be introduccd by Q;fining
a system of neirhbourhoods of zero with respect to an arbitrary
bounded set Bc ¥ ang a positive constant & as followéq The neighbour-
hood of zero U(B 11 1

;

5&) 18 the set of a7 elements fg ¥ satisfying

sup | (f,x)] < ¢ for all xeB,
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The collection of neighbourhoods is then the set U(B e) for which B
is bounded and € >0,
The verification of the: axioms of the 1.t.s. may be left to the
reader The latter type of topology is called a strong topology.
This topology may not satisfy the first axiom of countability either.
Convergence in this type of topology is called strong conver-

gence CODV°PgeﬂCe f —= 1 in the strong sense means that
(’n,x) ~ (£.%) uniformly in every bounded set.

B. A sequence f“ is called a strongly fundamental sequence 1f for
each strong neighbourhood U of X' there exists a number N such
that fm_fh belongs to U for ¢ach m and nj N,

The conjugate space X' 18 called strongly complete if every

strongly fundamental sequence has a limit in X',

It is obv1ous that the atro ong topology always includes the weak
1y

3T
topology so that e,ﬁ, a strong convergcnt sequence is always weakly
convergent., Conversely completeness in the weak topology implies

completeness in the strong topology.

Theorem 3.9, If X satisfies thoe firsﬁ‘aXiom of countability the

conjugate X' is couplete in the stfdng sense,

Proof, '

Let f be a strong fundamental sedquence., Then for’each.x:eX the

sequence (fn,x) defines a limit (7, x) which obviously represents a

linear funct wonal There rzmains %o show i%s continuity. Applylng

theorem 3.7 it is ou-ﬂ*cwcnt to show that (fﬁx) is bounded on any

bounded set B. But on B the rumbe s (f_,x) are bounded and uniformly =
to

n
convergent '£,1). Hence the.liit (f,%) is also bound@o on B g.e.d

i

According to the genzral def nizion the subset S of X' is bounded

in the stron if for each (strong) zero neighbourhood there is

S m
(ﬁ
S5 0
o
®
;
L

a constant =0 with S U, However, a less “opmal definition may be

~given in the following way.

The subset S of X! is sgaid to ke vounded on the -ubset A of X if the
numbers |(f,x)| are boundad for T28, xel 1,0, if
(3.5) Sup [(f.x)] < 20,

Je shall show thet 3 in strengly bouncded 17 and only 1f S is bounded

on every bounded cgubset A of 7,




e
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Proof,
10, Let S be strongly bounded.,
If A is a bounded subset of X a strong neighbourhood of zero U(A,1)
exists»cpnsisting of those f for which |

sup | (£,x)]| < 1.
‘ ; Xeh
The boundedness of S means that 2S8cU for some A . Hence it follows
that . | -
a(f,x)? < 1/~

for all fe S ané X EA,

2° Let S be bounded on an arbitrary bounded set A. Let U(A,€) be a
strong neighbourhood of zero, i.e. a set for which

csup | (f.x)]<e ,
e A

Since we know that S is bounded on A we have I(f,x)l < C for fe S and

xehA. Bubt this means AScU for a- £/C.

We may prove that, at least for Spaces satisfying the first
axiom of countability, a strongly bounded set S is not onl;, bounded
on all bounded subsets A cX but that S is also bounded on some neigh-
bourhood of zero. e note that a neighbourhood of zero is not neces-

Sarily a bounded set,

Theorem_Boﬂo. If X satisfies the first axiom of countability then

any strongly bounded subset S ¢ X' is bounded on some zero neighbour-
hood of X, | ”
Proof,

Let an'UEZD,.. be a base of shrinking zero neighbourhoods, If‘the

lemma is not true then for each n (n:152,.,,) we may take an element

X,¢ U, and a functional f_ 2 5 such that }(fﬂy:x:n)‘ > n. Then the

Sequence X, converges to zero in ¥ and is therefore bounded, Because

S 1s strongly bounded it is bounded on the set %, and there isa constant
C with ](fgxn){< C for feS and all n. Hence g contradiction is ob-

tained,

Obviously the convepse of this lemma is true irrespective of
*ountability,
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4. Linear metric spaces

A set X of elements X,¥5%Z,... 1s said to be a metric space

if to each pair of elements x,y there is associated a nonnegative
real number d(x,y) called the distance and: which satisfies the

following conditions.

22 a(x,y)=0  if and only if x=y
2° d(x,y)=d(y,x), (symmetry)
30

d(x,y) + dy,z) z d(x,z), (triangle inequality).

A metric space is a particular case of a'topological space.
The open neighbourhoods at X, are defined as the sets U(xg,e) of
those points for which

d(x,x,) < & (e>0),
The neighbourhood U(xo,a) may be called an open sphere with the
radius &, At any point the neighbourhoods are determined by a
countable base of nesting spheres (e.g. &= 1, 3, %,.,.,).
Convergence X X in a metric space means that d(xn,x)~&o.

The following example shows that a metric space may not be
separable, '
Example
Consider the set of all bounded sequences X:(Xq, xg,.,.) of real
numbers.It is easily seen that a metric space 1s defined by

d(x,y)= sup [XJ-YJ} (3=1,2,...).

The subset of all sequences x with X, either zero or one is
certainly not countable (real numbers in (0,1)). The distance
between any two elements of the subset is 1. If to each element
of the subset we associate spheres of radius % 2 not countable
system of disjunct (spherical) neighbourhoods is obtained which
excludes the possibility of a countable dense set; any dense set
must have at least one member in each sphere, '

A sequence X, (n=1,2,.,,) of points of a metric space is -

sald to be a fundamental sequence or. a Cauchy seguence if for each

€ > O there is a number N(&) such that

da(x ;X ) < € for all m,n» N(¢),

m

It follows directly from the triangle axiom that every con-

vergent sequence 1s fundamental,

If every fundamental sequence in X converges to an element
of X the space 1s said to be complete,
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Example
The space of all continuous functions f(x), 0fx 21 with the
metric.
(1) d(f,g) = max [ £(x) - g(x)]

is a complete metric space,. 7

A complete metric space Xﬁ'is sald to be the completion.
of the (not necessarilycomplete) metric space X if X is a subspace
of X* which is dense in X ¥

Every metric space can be embedded in g complete’Space by
a procesé of completion which is analogous to the extension of
the class of the rational numbers to that of the resl numbers,

Theorem 4,1 (Baire)

If & complete metric space.X is the countable sum of sets

Sn (n=1,2,,.&) then at least one of these sets is dense in some
sphere,

Proof ,

We may assume that ._S_1 < S2 - S3 < oLL. . If the proposition

were not true a cohtfadiction would be obtained in t' e following
way., Take an arbitrary sphere Ro 5 In 1t there exists another
sphere R1 which contains no points of Sq 5 in R1 there exists
a sphere R2 which COntains\no points of 82 ete,

We obtain a sequence of nesting spheres Rn the radius of which
may be chosen <« 1/21’1 say. It is easily seen that the centres
form a fundamental séquence which has a limit xeX in view of the
completeness of X,

However, by the construction x belongs to no Sn' Since X is the

union of all Sn a contradiction is obtained.

The latter theorem may also be put in the equivalent forms

Theorem 4.1°
If a complete‘metric Space X 1is the countable sum of closed sets

Sn then at least one of these sets contains an open set,

Theorem 4,1b ;
It is impossible to obtain a complete metric space as the countable

sum of nowhere dense sets,

By a nowhere dense set is obviously meant a set S in X such that
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the closure S does not contain an open set, ,
Baire's theorem may be considered as an existence theorem of the
same kihd_asre.g. the prineiple of Bolzano-Weierstrass, Many .
important theorems such as Banach's theorem of the inverse =~
operator and the Banach-Steinhaus theorem on the principle of
uniform boundedness depend ultimately upon Baire's theoren,

The following related existence theorem demonstrates the

applicability of Baire's principle.

Theorem 4.2

Let S be a convex central;symmetfic closed absorbing set in a

complete linear metric space X,then S contains a neighbourhood
of zero,

Proof

The union of all sets nS (n=1,2,...) gives all elements of X.
Hence according to Baire's theorem in the verdlon of theorem 4‘1a
somevsét mS contains a sphefee Then the same must be true for S,
The remainder of the proof follows geometrical intuition.

For let S contain the sphere'(xoglp) then S also contains the
opposite sphere (—XQ, F), Since S is also convex it contains the
cylindrical region determined by these spheres, i.e. the convex
hull. Then S finally contains the sphere (O,f),

We recall the definition of compactness., A set S in a metric
space X 1is compact if every sequence in S contains a subsequence
which converges to some element of X. The concept of compactness
is closely related to that of total boundedness which will be
introduced now.

The set R is said to be an £t-net with respect to the set
S 1n a metric space X if for any point Z& S there 1s at least
one point 2 € R such that

dla,x) < =,

The set S is said to b= totally bounded if X contains a

ey

finite ¢&- net with resp=ct to S for every positive ¢&.

It is obvious that a totally bounded set is bounded i.e. is
contained in some sphere. However, the converse need not be true,
Further, if S is totally bounded then also its closure S is
totally bounded,

In particular S may be the whole space X, If X is totally bounded
it 1s separable., In féct, construct a sequence of (¢ = 1/n) nets.

The union is obviously dense in X.




Theorem 4,3 (Hausdorff)
In a metric Space X any compact set is totally bounded, If, more-

over, X is complete any totally bounded set is compact,

Proof

1. Let S be a compact set.

If X contains‘no € -net for S it is possible to construct g
sequence x_e S (n=1,2,...) such that d(xi,xj)g € for any
pair 1i,j,

However, this means that X does not converge and does not contain
& converging subsequence. This contradicts the assumption of
compactness, |

2, Let S pe 2 totally bounded set in a complete metric space,

We consider avsequence R of €, ~nets with €, = 1/n (n=1,2,.,.).
If 8 is a given infinite sequence of points X, of S then R1 con-
tains a point s such that a sphere of radius 1 about r, contains
an infinite subsequence S 4 of s. Next R2 contains a point r'o
such that a sphere of radius 1/2 about r, contains an infinite

subsequence S5 of 84 Continuing this brocess a sequence of

sequences 8, 2 8o = 33 = ... 18 obtained, Sy
e 11 Fap Xy
o o Xop %23
®3 ®31 ¥z %g3

The diagonal subsequence x i1s fundamental since

110 *pps Xog
all Xon for nz N belong to a sphere of radius 1/N,and converges
to a limit in S in view of the completeness of S,

Therefore 3§ ig (sequentially) compact,

In analysis one of the more important metric spaces is the
space C(0,1) of all continuous functions f(x), 0sfx ¢1. The metric
of that space has been given above by (4.1). There is an important
theorem concerning the compactness of a subset in this space which is
due to Arzeld and Ascoli. First we need 3 definition,

A set of functions is said to be equicontinuocus for every

€>0 there is a J > 0 such that for all functions f£(x) of this

set
L £(x,) - flxy) | < =
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whenever = {Xq—X2<'< J (&)

Theorem 4.4 (Arzeld)

A set of continuous functions in C(0,1) is compact if and only

if it isyequicontinuous and uniformly bounded.
Proof - - |
1. Let S be a compact subset.
We know alréady that S is bounded i.e. uniformly bounded, The
preééding theorem says that there existsa finite 1/3 £-net
consisting of 815 Eosee-sB -
Each function gk(x) (k=1,2,...,m) is uniformly continuous so
that there is a Jk such that

igk(x‘) - g (x" )| o< %—e for fx’—x“l < Jk.
Put J = min Jk then for fx 1-x "l < & we have

[0y = o=y s [r(x)-glx D] + [ e(x") g (x")] +

Hee(x') —g (x") ] < ¢ :
(with a suitable auyxiliary gk).

2. Let S be equicontinuous and uniformly bounded.

The rectangle Osx £1, -Mtys:M , where M is the upper bound

of |r(x)], dis subdivided into cells with horizontal sides of

length < & where ¥ 1is such that | r(x ')-r(x")| < se if

{x'—x“l<&’simu1taneously for all f e &, To every function

f(x) & C (0,1) we assign a polygonal arc ‘p(x)IWith vertices at

the mesh points'andisuch that

}f(xk)'— p(x,)i é'% €
Therefore

| PO ) o) | e | plx) -2 ) | + T olx, ) SEAC ]

# 1 r()-tx )] < 2e.

Since p(x) is linear between x, and x

" L2 We have

[

| p(x)-p(x, )] < 3 for X, % Xs$X |
PARITPAE/L S 58 oT Xy f XEX .
Let x be an arbitrary point andAxk‘berﬁhe subdivision point which

1s closest to x from the left., Then

[(x)-pta)} s Pela)-r(x) ]+ [ 20 )-px) ] +lp(x)-p(x)] < e




Hence the finitely manypolygonalvarcs p(x) constructed above
form an é-net, Hence & is totally bounded, ,
Remark. The second part of this theorem is sométimes stated as
follows: an infinite set of equicontinuous and uniformly bounded
functions on {0,1] contaling a uniformly convergent subsequence,
A linear space X where a distance d(x,y) is defined which
satisfiles the three axioms of a metric space is said to be a
linear metric space if also the following axioms are satisfied:

4° d(x,y)= d(x-y,0), (invariance of the metric),

0

5 A+ 0 implies d(RnX,O)—ﬁ’O for arbitrary x.

QO a(x 0)—+0  implies d(%xn,o)—+0 for arbitrary ».

n’

The fourth axiom says that d(x+z,y+z) does not depend upon
z., A simple consequence is

(4.2) L S d(-x,0) = d(x,0)
Another corollary is

(4.3) ~ a(x4y,0) 5 a(x,0) + d(y,0).

A linear metric Space is a particular case of g linear topo-
logical space with the usual topology of a metric space., The
verification of the groups I and II of axioms of a l.t.g.is
obvious. The verification of the continuity axioms ITI is not
much more complicated, ;

The continuity of the addition XOfyO:ZO follows from

d(x+y,zo) 2 d(x+y,x+y0) + d(x+yo, xo+yo)=

Ady,54) + dlx,x ).
The continuity of the multiplication Rﬂxo:yo follows from

AX )=

d(xx,yo) $ d(xx,xxo) + d(xxo, o

= d(?x(x—xo), 0) + d((a—mo)x 0).

07
and the axioms 5° and 6°

A set S in a linear metric space is bounded if for each
sphere d(x,0) < & there exists a positive real n for which =28
is contained in the sphere,

Since a linear metric space satisfies the first axiom of
countability the theorems 3.3. and B,AEmay be combined into the
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following. .

Theorem 4,5
A linear operator which transformsa linear metric space into a

linear metric space is continuous if and only if it tranéforms
”bounded sets into bounded sets,

In 2 linear metric Space for each element x a number [X[
can be introduced by means of '

(44) x| 9T a(x,0),

€
1% x| =0 if and only if x=0.

2° x| =]x].

37 lxwls x| o+ |yl

In case {%X}=i%]lx} for each and x, lxi is called the norm of x

and the linear metric space 1s called = normed Upuce,
Such spaces will be studied in the ‘following section.

The proof of the following important theorem due to Banach
(1929) involves some subtle reasoning,

Theorem 4.6 A continuous linear operator which transforms a

complete linear metric space into a similar space and for which
there exlsts an inverse has a continuous’inverse.

Before proving the theorem the following remarks will be
made., Continuity of the operator T which maps the linear metric
space X into the linear metric space Y means that for every sphere
S(lyl < P) in Y there exists a sphere U(|x}| < &) in X such that
TUc¢ S. The continuity of the inverse an means that for every
sphere U(]x | < ¢) in X the image TU contains =2 sphere S(]y| < p) in
Y,

The proof of the theorem will consist of two parts. In the
first part it will be shown %hat for any U(lx|<g the image TU is
dense in some sphere S()y§4<§) i.e. that TU » S. The proof of this
part uses Baire's theorem 4,1, In the second part 1t will be shown
by some limit process that TU contains a sphere S,

Proof.

If U is a given (spherical) neighbourhood of zero in X the conti-

nuity of subtraction secures the existence of a zero neighbourhood
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V for which V-V < U. The union of the sets nV (n=1,2,...) gives
all elements of X. Hence, according to theorem 4,1 there is an
index m for which TmV is dense in some sphere of Y, Thén the
same must be true for TV, Let fﬁ contain the sphere W then
T(V-V) contains the open set W-W,'The latter set evidently contains
zero and therefore it contains g (spherical) neighbourhood S,
Then S is also contained in fﬁe

| Consider next a seguence of spheres U, (lx}= 27%e) |
(n=1,2,,..) in X and assume that TU, contains a sphere Sn(lyf'<fh>
(n=1,2,°,q) in Y, where fhmwO, We choo.e an arbitrary element Yo
of 8, and construct a sequence Y (n=1,2,...) of elements by
taking y, from TU_ and requiring that |7 =74l ps s Y o=y 4=y )< P30
ete, :
The possibility of the construction is implied in the fact that
TUn is dense in Sn‘ In this way the element yO is expressed by a
converging seriesg

Vom VTt
Ir X1sX5... are the originals in X of the elements yq,yg,Qu,of
Y it can easily be shown that there is an element X, & X for
which

=X _ X +X_+ ...
o TR

Since X is complete it is sufficient to prove the Cauchy criterion.
In fact

A

| x oM v 2T L gD pmmEly o

m+ U Xm+pl z
Further it follows that [xoé< % . The continuity of the operator
T tells us that yO=TXOg Since Yo Was an arbitrary element of the
sphere Sq([y[<;w)iﬁ has beei ghown that the sphere U(fx] < &) has

an image which contains the sphere Sq(iyl<J%),which proves the

theorem,
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Normed linear spaces

A linear space X of elements x,y,z,... with (real) scalars

Js..o 1ls:sald to'be a. normed space or, more completely, a

led linear space if to each element x there is associated a
egative real number || x| called the norm of x which satis-
. the ‘conditions.

=] =0 if angd only if x=0 .

o | =Joa] =]
§ ety |2 0=l + ol

s easy to see that the norm is continuous since condition 30

ds !HX“ ‘Hﬁﬂllé way”-
These properties show that the distance function
a(x,y) %€ fx-y |

n invariant metric of X, It can be verified without difficulty
this distance satisfies the six conditions of a linear metric
e, The number }x( which was introduced for a linear metric space

4.4) clearly coincides with that or the normed space.
rmed space is distinguished by the fact that its norm satis-
the multiplicative property || axf[ = [« [!{xﬂ , a property
h is not enjoyed by other linear metric spaces.,
The topology of a normed space 1s that of a linear metric
e i.e, the neighbourhoods of zero are determined by spheres
with || x]l<&, This topology satisfies the first axiom of
tability. It 1s sometimes called norm topology or strong

logy. A complete normed space is sald to be a Banach space.

ple The space C(0,1) of continuous functions f(x) with the
1 operations of addition and multiplication by a scalar with

norm )
| £(x)}} = max | £(x)|

normed  linear space, Convergence with respect to this norm
ne usual:uniform convergence, Hence the space is a Banach space,
The second axiom of the norm, a property which is not satis-

by the norm of a linear metric space, makes it possible to

2 the boundedness of a set in a very simple way and it has -

rer a number of important consequences e.g. in connection




e i A = i L . . @ @ @ @ @ @ |
i e -
i i i o

-8 -

11th the properties of the conjugate space,

A set S in a normed linear space is bounded if and only 1f -
‘here exists a constant ¢ such that }{xi}( C for all x e S,

- In a normed linear space a continuous linear operator A

'hich transforms the n.l.s. X into a n.1.s. 1 is characterized

Yy the following conditions which can easily be derived from the
orresponding conditions in a linear topological space:
'O Al x + By) = a Ax +p Ay
o) . .
‘ X,=+0 implies Axn«+0
for any sequence X (n=1,2,...) of X.

The theorem 3.3 and 3.4 can be put in the following simpli-

ied form,

a
Q1eorem 5,1

continuous linear operator A(X-sX
X into a bounded set of X,
b

1) transforms the unit sphere

o

1eorem 5,

linear operator A(X-+X1) which transforms the unit sphere of

into a bounded set of Xq is continuous,

These theorems may be put in a still simpler form if the
'1lowing definition is introduced,

An operator A(X~+X ) is said to be bounded 1f there is a
nstant M such that

.1) baxll ¢ M x| for all x e X.

en the two theoremsmav be combined into

eorem 5,1

r a linear operator boundedness and continuity are equivalent,

The greatest lower bound of the number M which satisfy the
equality (5.1) of a bounded linear operator A is called the

rm of the operator and is written as | Al . Without difficulty
can be shown that

2y el = e fax] = e baxl
x i =1 x#0 B

In section 1 we have seen that the set of all linear operators

C—%Xq) is a linear space, The set of all bounded linear operators
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is also a.linear. space, for the boundedness of A and B 1mp11es
the boundedness of all linear comblnatlons : -
With the deflnltlon (5.2) of the norm of an operator the lattér
space becomes itself evon a normed space. It is not difficult to
verlfy that (5.2) satisfies the three axioms of the norm,

The follow1ng theorem can now easily be proved,

Theorem 5,2
The space of all bounded linear operators which transform a

normed space into ‘a Banach space ‘is itself a Banach space.
Proof

Let A (n=1 2,...) be a Cauchy sequence of bounded linear opera-
tors whlch map X into X4,then for each X € X ws hove
g - oA los lay - oa | Yx]—o.

Therefore A X 1s a Cauchy sequence 1n Xq and this has a limit
V since Xq is complete, '
‘The operator A defiried by Ax=y 15 the limlt of An; and
IIA ;\ lim{}A x| ¢ 11im }{An“ i}xh . Thus the operator space is
complete,

We consider a set S of bounded linear operators A on a
Banach space X. This set is said to be weakly bounded if for

each x¢ X there is a constant C such that
(5.3) fax) < c¢ for all A e 3,

We have the important result due to’Banach and‘Steinhaus that a
weakly bounded set is also unlformly bounded in the sense of
(5.1). This property is kndwn as the pr1n01ple of unlform

boundedness., fswx

Theorem 5.3 (Banach, Steinhaus)

If the bounded linear operators A on a Banach space are weakly

bounded then thelr norms are uniformly bounded.

Proof
The boundedness of the set S of operators A in the weak sense .
means that sup liAx},< @ for each x & ¥, Let X, (k=1,2,...)

haS
be the subszt of X for which sup o=l

Since all A are continuous the subset Xk is closed, The union -

LY

k uniformly in S.

of all X, gives X so that we may apply Baire's theorem 4.1, Hence

there exists an index m for which X contains-a closed sphere
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G(XO,J). For x e G we havelnA Xllg m. Applying the triangle axiom
we obtain || A x HcEm for IIXIF:J. This means })AH $2m /0
uniformly in S, ‘ '

7 We shall also reformulate the important theorem of Banach
4.5 on the inverse operator on a Banach sSpace,

Theorem 5.4 (Banach)

The inverse of a linear continuous cperator which transforms a

Banach space one-to-one onto a Banach space is continuous.

A number of properties of linear functicnals and the conju-
gate space formed by them have been discussed from a general point
of view in section 3. For linear functionals defined on a normed
space a number of simplifications may be introduced. We shall
briefly repeat the main notions,

A functional (f,x) is continuous if x ~+0 implies (f,xn)—+0.

A functional (f,x) is bounded if there exists a constant M
such that

(5.4) l(f,x)l < M ]}x]l for all xeX,

From theorem 5,1 it follows that boundedness and continuity are
equivalent,

The greatest lower bound of M is called the norm of the
functional f and is written as ||f) . Since this norm is a
speclal case of that of a bounded cperator we have the following
equivalent of (5,3)

= Su X = gu ' £,x o
550 o] = e ] (o0 oo Jn—uﬂll

In section 3 we introduced two different topologies in the
space X' of linear continuous functicnals.

In the weak topology of X' the neighbourhoods of zero
U(e,xq,xz,..,,xm) are defined as the sets for which

(5.6) |(rx)|<e, [(rx)]<e, ..., | (eax,) | < e .

A set S of X' is weakly bounded if for each x € X there is a

constant C such that
| (£,x)]<c for all fe 8

A sequence fﬁ (n=1,2,...) is weakly convergent to the limit f
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(fn,x)——»(f,x) for each x e X,

The strong topology of x! may be formulated in a much simpler
than in the general case of a linear topological space. In
latfer case the neighbourhoods of zero had to be defined
1 reference to an arbitrary bounded set B< X,
2> for a normed space X we may restrict ourselves to one
sle bounded set viz. the unit sphere |jx| =

In’the strong topology of X' the nelghbourhoods of zero -

) are defined as the spheres

) el <
2t S 1s strongly bounded if there is a constant C such that

Il £ll<c for all fe S,

>quence f_ (n=1,2,...) is strongly convergent to the limit

| £, - £]—o0.

It will be clear that strong convergence implies weak
rergence.,

With respect to the strong topology we have the following
;icular case of theorem 5.2, (seealsoc theorem 3.,9).
yrem 5,5

congugate of a normed space is a Banach space.
)f
nctional maps a normed space into the Banach space of real
ers. ‘

We come now to the discussion of a very important theorem
to Hahn and Banach concerning the extension of a cuntinuous
ar funetional, '

rem 5.6 (Hahn-Banach)

Y continuous linear functional f which is defined on a linear
paée M of a hormed_spaéeyxvcan be extended to the entire

e with préservation of the ncrm, N

f

theorem will be explicitly proved for a separable space only,.

non—separable spaces the proof is essentially the same, but

1res the so- called axiom of choice; we do not discuss this,
e we need the result only for separable spaces.




o A P o -

-32-

First, we shall extend the functional to the linear subspace M1
obtained by adding to M some element X ¢ M, An arbitrary element
y .of Mﬁ is uniquely representable as

y = X‘-‘#‘txO . 'xe'M
For the extensioﬁ_F of £ upon M4 we must have
(F,y) =(f,x) - ct |
where ¢ = (F,x ) The problem CunSlStS in finding a value of ¢

which keeps the norm intact,
This means that

‘(f,x) —.ct} g'ﬁf” ‘{x - txgn ~for all xeM,
We may safely assume that ¢t # 0. Then by putting x=zt the last
inequality can be replaced by

](f,z) - c I g‘}f]l nz—xOu for all z e M,
or, what amounts to the same thing

(f,2) - £]] 2- X’l s (f,z) +{e] | z-x n

for all z e M,
The possibility of satisfying this inequality for all z in M
follows from the following consideration. For any pair 24525 @ M

I}

we have }
(f,z,])-("f,zé) § “fn “ Zq"zgn s “f“{ “Z/] X

so ‘that
(f,zq)—lif“ ]’Zﬂnxo“ E (f’ZE) +1[fu }}Zg'xgu-

ir P - is the least upper bound of the left-hand side and Co the
greatest lower bound of the right-hand side then the choice
cq éc §Co in fact guarantees the preservation of the norm,

The separability of X implies the existence of a countabie
danse set xq,xg... . Then the precedlng procedure may be carried
out for each x, (n=1,2,...). Thus we obtain a functional F on a
set which is everywhere dense in X. At the remaining points of X
the functional is defined by continuity,.

The thecrem of Hahn Banach guarantees for any normed space

the existence of at 1east one non tr1v1al contlnuous linear
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functional. In fact we have the following simple corollary.

Corollary
For every normed space X and any fixed element xoe.X there
exists a contlnuous linear functional (f,x) with the properties

& frl=1 0 n (ox) x| .

The Banach space X with elements x and its conJugate x'
with elements f define for each pair xeX, feX' a scalar value
- (f,x). By this not only a functional f on X is defined but also
T a functional, say'%, on X',‘The latter functional is linear and

continuous, We may'prove that its norm defined as (5.5) coincides
with | x | . This is expressed by

Theorem 5.7

e ol
(5.8) sup, il <

Proof .

It follows from (5.5) that }(f,x)),/l}f“ ¢ }lx‘l so that

150 e)x] oS
According to the previous corollary a continuous linear functio-
nal f can be defined with the properties Ll = 1 and

| (% } }[x}{ Taking this special element of X' the equality
31gn is obtained,

The’fcliowing two theorems are known under the "principle
of uniform boundedness"., The first theorem is just a speclallza-
tion of theorem 5, 3 of Banach- Stelnhaus for functionals, The
second. thecrem is a version in which the role of X and its conju-
gate are interchanged. The latter theorem uses theorem 5,7, so
that it depends on the Hahn- -Banach prineciple,

Theorem 5,8
Each weakly bounded set of continuocus linear functlonals on a

Banach space is also strongly bounded.
This>thegrem may be stated alsc as

(5;9) sup Jx) ) < implies sup || £] < co.
ffes 8
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Corollary 1

If’f is a weakly convergent sequence of continuous linear functi-
onals on a Banach space then the sequence }}f A1l is uniformly
bounded

vThe latter corollary leads to the following criterion for

weak convergence of continuous linear functionals:

cOrollarV 2

The sequence f of contlnuous linear functlonals on a Banach
space is weakly convergent to zero if and only if the normg| f ﬂ
(n=1,2,...) are uniformly bounded and (fn x)-+0 at least for those
X belonglng to a set which is dense in X.

Theorem 5,9

If every continuous linear functional on a linear normed space

X 1s bounded on a subset S of X then S is bounded, Symbolically
sup | (£,x) | < oo implies sup | x| < o
X €3 g '

Proof

Follows easily from the theorems 5.7 and 5.8

In the theofy of distributions we need some knowledge of the
continuous linear functionals on the space of the continuous
functions ¢(x) in a finite interval, say O ¢x ¢1. We have the
following important theorem due to F.Riesz (1909) called the

Riesz representation theorem:

Theorem 5. 10 (Riesz)
Every continuous linear functional (f,9) on the space C(0,1) of

contlnuous functions 15 of the form:

jzw d w(x),

where /m(x) is of bﬂunded variation.

Proof - _ ‘

The space C(0,1) may be coﬁsﬁdéred as a subspace of the space
D(0,1) of all piecewise continuous functions w(x), i.e. of functi-
ons (x) which have a finite number of oralnary Jumps. Both spaces

are normed spaces with the usual norm

Il = sup wix).
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The functional f on C can be extended in D by means of the
theorem of Hahn-Banach. If F is the extended functional we may
define a function u(t) by means of

(F, e(t-x)) = w(t),

where 6 (x) is the unit-step function
e (x)=0 xg0, e(x)=" x>0.

It can easily be shown that #(t) is of bounded variation. In
fact, divide (0,1) in

570 € by < by el oty < b =

Then we have

2 leley) —ele; )] - e lex) -ty ) -
-2 sfelem) - e(ey o) ¢
P R I ALH Ll IR Y P

Any continuous function @(x) may be approximated uniformly by
the sequence

Then

- [ ote) a wle)
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